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SUMMARY

Equations for 13 different combinations of sightings are presented for deter-

ling the position vector of a vehicle in earth-moon space from simultaneous

_oard optical measurements. The methods for reducing the measurements for posi-

m determination are basically triangulation methods and incorporate combina-

ms of measurements made on either one, two, or three bodies (earth, moon_ and

l). Angular measurements made at the vehicle consist of declination of a body,

_t ascension of a body, body angular diameter, and included angles between a

_r and body center, Star and horizon, moon center and earth horizon, landmark

[ star, landmark and body center, orbiting beacon and star_ and orbiting beacon

[ body center. The methods presented apply to the determination of the total

_ition vector (distance and direction from a reference body). With the excep-

_n of one method, the methods do not require the use of a stable platform.

The equations pertinent to the various methods are presented principally as

_kground material for studies to determine practical and accurate methods for

)oard optical navigation in earth-moon space.

INTRODUCTION

In the region between the earth and the moon_ optical navigation techniques

be used to obtain a position fix whenever the closest body is out of range of

onboard radar. This region where optical measurements or sightings may be

most useful can be separated into three sections: a region near the earth

_re most of the optical sightings are made on the earth, an intermediate region

_re sightings are made on both the earth and moon, and a region near the moon

_re most of the optical sightings are made on the moon. It is conceivable that

a lunar trip sightings made on the sun may also prove useful.

Numerous combinations of optical measurements can be made onboard the lunar

_ce vehicle for navigational purposes. Each measurement generally includes a

_ting to either the earth, moon, or sun (hereinafter referred to as bodies).

,ng the onboard measurements are body angular diameter, declination and right

ension of a body, and angular sightings between a star and a body center,

ween a star and a body horizon, between a star and a landmark or an orbiting



beacon, between a body center and a landmark or orbiting beacon, and between a
body center and the horizon of another body. Radar-distance measurementsmade
from a body and relayed to the vehicle are also of value for use in conjunction
with the optical measurements.

The use of these types of measurementsfor determining the vehicle position
vector in interplanetary space has been investigated in limited detail in refer-
ences 1 and 2. The use of nonsimultaneous onboard optical measurementsin a
statistical process for navigational purposes has been investigated in refer-
ences 3 and 4.

The present report is part of a study of onboard navigational systems which
m_keuse of certain combinations of simultaneous onboard optical measurementsto
obtain a position fix. The main purpose of this report is to present the pertin
equations for 13 selected combinations. Each combination contains the minimumn
ber of simultaneous measurementsfor a nonredundant mathematical determination o
the total vehicle position vector (distance and direction from a reference body)
These 13 combinations were selected as a cross section of the much larger number
of possible combinations and include sightings on either one, two, or three bodi
(earth, moon, and sun).

The pertinent equations are presented as background material for studies to
determine practical and accurate methods for onboard optical navigation in earth
moonspace. The equations will be especially useful for any detailed study, sue
as a complete error analysis of a particular system of optical measurements.

SYMBOLS

Q

R

r

t

X,Y,Z

x,y,z

e

inclination of orbit plane of beacon to earth equatorial plane

direction cosine of a line with respect to X-, Y-, and Z-axis,

respectively

orbital radius of orbiting beacon

radius of body

magnitude of position vector, (x2 + y2 + z2)i/2

time of observation (measured from reference time t = O)

rectangular right-hand axis system where X-axis is in the direction

of Aries and Z-axis is in the direction of north celestial pole

position coordinates in rectangular right-hand axis system

one-half of angular diameter of body as viewed from vehicle

angle formed at vehicle by two lines of sight
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)scripts:

!,3,4

,ation:

1

right ascension of landmark as measured from earth at t = 0

geocentric latitude of landmark

angle in orbital plane measured eastward from ascending node to beacon

at t = 0

right ascension of ascending node of beacon orbit as measured in an

earth-centered coordinate system (i.e., arc in earth's equatorial

plane measured from the positive X-axis to intersection which orbital

plane makes with equatorial plane as beacon passes from south to

north )

angular rate of rotation of beacon eastward in its circular orbit

angular rate of rotation of earth about its axis

orbiting beacon about earth

earth

earth center

earth horizon

landmark on earth

mo on

moon center

BUll

sun center

vehicle

star 13 star 2, star 3, and star 4

rectangular matrix

column matrix

absolute value

Bar over a symbol indicates a vector.



Two subscripts are used with position coordinates_ for example, Xve_ Yve3
and Zve are the coordinates of the earth in a vehicle-centered system.

Two subscripts are used wlth angles except for body angular diameter; for
example, @Im is the angle included at the vehicle by star i and the mooncente

DEVELOPMENTOFMETHODS

General Comments

The numberof different optical navigational methods (combinations of
sightings) available for earth-moon flight is large. An attempt has been made,
however, to include sufficient combinations to give an indication of the range o
possible measurements. Most of the navigational methods selected result in rela
tively simple expressions for the position vector.

Angular measurementsmadeat the vehicle consist of declination and right
ascension of a body, body angular diameter, and included angles between a star
and body center, star and horizon, mooncenter and earth horizon, landmark and
star, landmark and body center, orbiting beacon and star, and orbiting beacon an
body center. Also incorporated in one of the methods is a radar-distance measu_
ment madefrom a body and relayed to the vehicle. In any of the methods the sol
tion for the vehicle position vector requires the knowledge of one or more dis-
tance values (such as earth, moon, or sun diameter, distance between earth and
moon, etc.).

In each of the methods presented, a vehicle-centered right-hand rectangulal
system of axes was used in deriving the equations. In this system, the X and
Y axes are oriented in a plane parallel to the earth equatorial plane with the
X-axis in the direction of Aries and the Z-axis in the direction of the north
celestial pole. Noneof the angular measurementsrequires a sign convention,
except the declination and right-ascension measurementsin method II. Also, thJ
method is the only method requiring the use of a stable platform.

Each measurementwill generally yield a surface in space, anywhere on whic_
the vehicle maybe located. For example, the angle measuredbetween a star and
a body center will fix the position of the vehicle on a cone with the body as tl
vertex. The different surfaces of position which are determined by the various
measurementsare illustrated in figures i to 3. Each of the navigational methoc
presented herein combine these surfaces in such a manner as to pinpoint the
vehicle position with respect to a body. For any one method, the minimumnumbel
of measurementsare used that will provide a nonredundant mathematical solution
of the vehicle position vector.
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Figure i.- Sphere of position of a space vehicle obtained by measuring angular diameter of a

body or by measuring radar range from a body.

To star _ _ -_ _ _

\

Figure 2.- Cone of position of a space vehicle obtained by measuring the angle included

between a star and a point on or near a body (body center, body horizon, landmark,

or orbiting beacon).



(a) Sphereof position: includedangle=90°,

(b) Includedangle_ 90°.

(c) Includedangle< 90°.

Figure3.- Surfaceof positionof a spacevehicleobtainedbymeasuringtheincludedangle
betweentwobodies.



Measurements

One-bod_ (earth or moon).- Six methods involving measurements on one body

_arth or moon) are presented. Four of these methods involve measurements of the

_gular diameter of the body. Of these four methods, one employs measurements of

le angle included between a star and body center, one employs a stable platform,

_e makes use of sightings of a landmark, and one makes use of sightlngs of an

• iting beacon. Because angular-diameter measurements in general involve low

_es of change with distance and are difficult to make accurately at close range,

methods which do not incorporate this measurement are included. One of these

methods makes use of a radar-distance measurement made from the earth and

_layed to the vehicle. In the other method, measurements of the included angle
Itween a star and the horizon are used since this measurement is rather sensitive

> vehicle position change over the entire region of earth-moon space. This method

_ich involves only one type of measurement avoids direct determination of body

Lgular diameter and because of this may have desirable characteristics. The

_iting-beacon and landmark measurements are included because these measurements

_e high rates of change with time and may have effects on accuracy which are

fferent from those of other types of measurements. The methods utilizing meas-

•ements on one body cover a wide variety of measurements and are illustrative of

Le results ordinarily obtainable from one-body measurements.

Two-bod_ (earth and moon).- Three methods involving measurements on two

_dies (earth and moon) were selected in such a manner that two methods utilize

,dy-angular-diameter measurements and one does not. The measurements used in

one of the three methods were about equally divided between measurements made

the earth and measurements made on the moon. The results obtained from these

_thods are illustrative of those obtainable from any triangulation method

Lvolving both the earth and the moon.

Three-bo_y (earth z moon t and sun).- The measurements on three bodies (earth,

,on_ and sun) represent the maximum number of bodies on which measurements will

'obably be made in earth-moon space. Of the four methods presented herein, one

_asures only directions (angles) between stars and body centers. The other three

Ithods include a measurement of the angular diameter of either one, two, or three

i the bodies. It is presently not known how effective the three-body methods may

_. It is suspected, however_ that the methods involving the angular diameter of

_e sun will have poor accuracy in the earth-moon region because this angle has a

_ry small variation over this region of space.

Derivation of Equations

Method I.- Measurements of included angles between each of three stars and a

,dy center and the angular diameter of the body will yield the vehicle position

_ctor. A sighting on a star and on a body center results in a cone of position

.th the vertex at the body center. (See fig. 2.) Sightings on any two stars

ll produce two cones which intersect, giving two possible lines of position.

Le third star (cone) establishes the actual line of position of the vehicle. The

_ere of position obtained by the body-angular-diameter measurement (fig. l)

_termines the location of the vehicle along this line of position. The



combination of optical angular measurementsfor method I is illustrated in
sketch i (earth taken as an example).

Z

To star i 81e
To star 2

Y

X

Sketch i

The cosine of the angle at the vehicle included by star i and the earth cer
ter i s

but

cos 91e = ZIZe + mime + nin e

Ze - Xve
rye

Yve
me-

rye

Zve
n e -

rye

(I)]

(2]
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that

cos 01e = ZlXve + mlYve + nlZve (3)
rve

)m consideration of the angular diameter of the earth,

RE (_)
rye - sin aE

I substituting this expression into equation (3) gives

RE

_iXve + mlYve + nlZve - sin _E
cos %e (5)

)ressing the relations for the two other stars in a similar manner results in

following set of equations for the determination of vehicle position by

;hod I:

x1
Yve} =

ZI

--i

m I n I

Z2 m2 n 2

Z3 m 3 n3

RE
cos 81e

sin mE

sin mE
cos e2e

RE
cos 83e

sin _E

(6)

In this method, as in the other methods, it is assumed that the stars can be

_ognized and that their direction cosines are known.

Method II.- Method II is similar to method I but avoids a body angular-

_eter measurement. The angular-diameter measurement is replaced by a radar

tsurement, made from a body, of the distance between the vehicle and body cen-

t. This method is illustrated in sketch 2.
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To star i 81e

X

To star 3 / 1

star 2

Y

....Vehicle

Sketch 2

From the procedure given for method I (see eqs. (1) to (3)), the following

set of equations is obtained for determination of the vehicle position by

method II:

e1_ve --

n

_i ml n I

Z2 m2 n2

_3 m3 n5

-i _

rve cos 81e

rye cos 82e

rve cos e3e

(7)

Method III.- This method for determining the vehicle position vector involv(

measurements of the right ascension, declination, and angular diameter of a body.

The right-ascension and declination sightings are made with reference to a stabl_

platform. These two sightings determine a line of position in space and the bod3

angular diameter determines the vehicle location along this line. The measure-

ments for method III are illustrated in sketch 3; the platform is inertially

stabilized and oriented parallel to the XYZ-axis system.

lO



Z

Vehicle---,

/_
X

/"/4"_ve I

" tI ¸
A _ I

.... __-_

Y

m sketch 3, it is seen that

Sketch 3

Xve =rve cos 8 cos A"

Yve = rye cos 5 sin A

Zve =rve sin 5

(8)

re 5 is the declination of the earth (positive north from the X-Y plane of

platform) and A is the right ascension of the earth as measured in the

plane of the platform (positive eastward from the X-axis).

Substituting equation (4) into equations (8) gives the following set of

ations to determine vehicle position by method III:

ve

ve =

v

RE
cos 5 cos A

sin _E

RE
sin mE

cos 5 sin A

RE
sin 5

sin mE

(9)

ll



Method IV.- In method IV, vehicle position is determined by measurements of

included angles between each of three stars and a landmark, included angle betwe,

the body center and landmark, and angular diameter of the body. The various

sightings are illustrated in sketch 4.

,--Landmark
/

/

Z

To star 1
Olz // To star 2

X

Sketch 4

Y

In sketch 4, the position vector of the center of the earth as measured frc

the vehicle is

r--re= X--re+ Y--ve+ Z--ve (IC

and the position vector of the landmark with origin at the center of the earth

r--eZ = X--eZ + Y--eZ + Z--eZ (1]

The distance from the vehicle to the landmark as determined from equations (iO)

(ii) is

(i
: - + :\l- + + + +
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By reasoning similar to that employed in method I, the cosines of the angles

Lcluded at the vehicle by stars l, 2_ and 3 and the landmark, and by the center

• the earth and the landmark, respectively, may be determined from the following

_ressions:

rvz cos 81Z = Zl(Xve + Xe_)+ ml(Yve + YeZ) + nl(Zve + ZeZ)
(13a)

rvz cos e2z= Z2(Xve + XeZ ) + m2(Yve + ye_) + n2(Zve + ZeZ )
(13b)

rvz cos 83Z = Z3(Xve + XeZ) + m3(Yve + YeZ) + n3(Zve + ZeZ) (13c)

rvz cos 8eZ -
Xve(Xve + XeZ) + Yve(Yve + YeZ) + Zve(Zve + ZeZ)

+ +Zve )
(13d)

Lltiplying equation (13b) by

.on (13a) yields

cos elZ

cos e2z
and subtracting the result from equa-

'i- Z2 Im - In cos 81_ _

@lAx COS 81Z_ + 1 - n2 Zve
COS

COS
cos e2z} ve + 1 m2 8--_}Yve cos 82Z/

cos elz m YeZ + 2 n ZeZ
cos 81Z Z XeZ + 2 cos 82Z cos e2z= 2 cos e2z

(14)

using a similar procedure between equations (13c) and (13a) and between equa-

,ons (13d) and (13a), and substituting

(Xv 2,)i/2e2 + Yve2 + Zve = rye = sin _E

13



into the last of the resulting equations, the following set of equations is

obtained for method IV:

cos el_ cos el_ cos el_
n I - n2

ZI'Z2 ml-m2 cos e2_ cos e2_cos e2z

cos 01Z

nl- n5 cos e3z

cos 81Zsln m E cos elZsin aE
ml - YeZ nl - ZeZ

ZI- XeZ RE cos ee_ RE cos 9eZ

cos 81_sin _E

RE cos ee_

cos el_

cos 82Z

cos 81Z

cos e3_

(15)

where

Xe_ = RE cos (P cos(6oEt + hO>

yez = RE cos q_ sin(a_t + hO)

Ze_ = R E sin

(16

Method V.- Method ¥ is similar to method IV except the landmark is replace,

by a beacon in a circular orbit as illustrated in sketch 5.
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Z 8eb --°'

To star 3

/

/
To star i 81b /

e2b

i%

--Vehicle

To star 2

Y

efining Xeb, Yeb_ and

X
Sketch 5

The equations are derived in the same manner as those for method IV and may

e obtained by substituting angles to a beacon for angles to a landmark and
Zeb. The set of equations for method V is as follows:

-- --1

%..-

- cos 81b

cos 81b ml _ m2 _

cos elb

_l-_3 c-os83b

cos 81bsin _E

Z1 " Xeb RE cos 8eb

×

cos %ib

m I - m3

cos elb sin _E

ml-Yeb R E cos _eb

rcos 81b - _ Xeb + _ --
2 cos e2b cos e2b

Q c°s 81b - _llXeb + Im33 cos e3b
cos elb _ ml)Yeb +
cos 95b

Is c°s elb _ nlzeb)RE in _E cos 8eb J " (_Ixeb + mlYeb +

cos Olb

nl -n2 cos _2b

cos elb

nl-n3 cos 83b

cos elb sin a_

nl'zeb - RE 'COS 8eb -

In c°s 81_ - nl>_eb2 c--os82b

In cos 81b _ nll zeb3 cos e3b

(17)
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where

Xeb = Q cos (sin-l[sin i sin(_bt + _)I_ cos <_ + tan-l[cos i tan(t%t + _)_I

Yeb =Qzeb = Q c°s <sin-l[sin isin(_btsini sin(_bt + _) + _)]_ sin <_ + tan-l[cos i tan(_bt + _)]_i

(_8_.

Method Vl.- This method for determining vehicle position involves measure-

ments of included angles between each of four stars and the horizon of a body.

Method VI avoids the direct measurement of body angular diameter, although_ as

shown in sketch 6_ this angle is used to establish the equations.

Z / To star 3

rve-/_'/ /

To star 4 I _ _3h//_/_. / / To star 2

__ _tar 1

'"u__Vehicle

X

Sketch 6
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For simplicity in drawing the sketch, the stars are shown as coplanar. This

strlction, however, does not apply to the development of the equations. In

ct, the stars must not be coplanar.

The angle included at the vehicle by the line of sight to star I and the line

sight to the point on the earth horizon nearest to this star is

en,

81h = 81e - mE

eie = elh + mE (Z9)

e equation for the cosine of the angle included by star i and the earth center

cos(elh + mE) =
ZlXve + mlYve + nlZve

rye
(20)

, from substitution of equation (4) into equation (20),

RE _

cos(elh + mE) sin mE ZlXve + mlYve + nlZve (21)

! \

After substituting the trigonometric function for cos[elh + mE)

cting terms, the following expression results:

and col-

cot mE = RE cos elh iXve + mlYve + nlZve + RE sin elh
(22a)

Similar operations yield the following equations for the other three star-

-horizon measurements:

= 1 (Z2Xve + m2Yve + n2Zve + RE sin 82h ) (22b)
cot mE RE cos e2h

1 (7,3Xve + m3Yve + n3Zve + RE sin e3h ) (22c)
cot aE = RE cos e3h

17



1 (_4X_e+ =4Yve+ n4z_e+ RE sine4h)
cot _E RE cos 84h

(22d

Eliminating cot mE from the four equations yields the following solution for t_

vehicle position by method VI:

= RE

I _2 ml m2 nl n2

cos 81h cos 82h cos 61h cos 82h cos 81h cos S2h

_l _5 ml m3 nl n3

cos 81h cos 83h cos 81h cos 83h cos 81h cos e3h

_i Z4 ml m4 nl n4

cos 81h cos 84h cos 81h cos e4h cos elh cos e4h

-1

x

sin e2h

sin 81h 1
cos elh

sin 81h. 1
cos 81h

COS

cos e2h

sin e3h

cos e3h

sin e4h

cos e4h

Method VII.- In method VII, vehicle position is determined by measurements

made on two bodies. These measurements, illustrated in sketch 7, are the inclu(

angles between each of two stars and the earth center and between each of three

stars and the moon center.

18



Z
To star 3

Moon

3m rye

92e To star 2

Earth

To star i

@lm Y

X

i

t _Vehicle

Sketch 7

For any method involving measurements on the earth and moon, the coordinates

" the moon with respect to the earth center are required. This information is

_adily available from published ephemeris data.

The expressions for the cosines of the angles included at the vehicle by

;ars 1 and 2 and the earth center and by stars l, 2_ and 3 and the moon center

"e, respectively,

rye cos ele = ZlXve + mlYve + nlZve

rye cos 82e = Z2Xve + m2Yve + n2Zve

rvm cos 81m = _lXvm + mlYvm + nlZvm

rvm cos 82m = _2Xvm + m2Yvm + n2Zvm

rvm cos e3m = _3Xvm + m3Yvm + n3Zvm

(24a)

(2 b)

(24c)

(24d)

(24e)

19



cos 81e
Then, multiplying equation (24b) by and subtracting the result from

cos e2e

equation (24a), multiplying equation (24c) by
cos 82m

cos elm

from equation (24d), multiplying equation (24e) by

result from equation (24d), and substituting

and subtracting the resu

cos 82m

cos e3m
and subtracting the

-%

Xvm = Xve + Xem

Yvm = Yve + Yem

Zvm = Zve + Zem

(25

into the resulting equations yields the following solution for the vehicle

position by method VII:

 e]
ve3

cos 81e cos @le
_i - Z2 ml - m2 nl - n2

cos 82e cos e2e

- -i

cos ele

cos 82e

cos 82m cos e2m cos 82m
Z2 - ZI m2 - m I n 2 - n I

cos elm cos 81m cos 81m

cos e2m cos e2m
Z2 - Z3 m2 - m 3

cos 83m cos e3m

cos e2m

n2 - n3 cos 83m

0

cos e2m 21 Im cos e2m
ZI Z Xem +

cos elm i cos elm
x

coscos82m) 2) (m coscos82m3 e_m z Xem + 3 8_m

) <n cos e2mm Yem + i cos elm

<n cos e2mm Yem + 3 cos eSm

n21 Zem

n21Zem

(2_

Method VIII.- Method VIII incorporates measurements of included angles

between a star and the earth center, between each of two stars and the moon

2O



ater, between the moon center and earth horizon_ and the angular diameter of

e earth. The various sightings are illustrated in sketch 8.

To star 3 /

z /

/ Earth

/
/

Moon @ / rye

/

/

rvm_..

e-

To star i

X

Y

To star 2

Sketch 8

The expressions for cosines of the angles included at the vehicle by star i

I the earth center, by stars 2 and 3 and the moon centerj and by the moon cen-

r and earth horizon are, respectively,

cos ele

RE sin mE - ZlXve + mlYve + nlZve (27a)

rvm cos 82m = _2Xvm + m2Yvm + n2Zvm (27b)

rvm cos e3m = _3Xvm + m3Yvm + n3Zvm (e7c)

21



rvm cos mh + _E = XvmXve + YvmYve + ZvmZve
sin _E

Elimination of rvm between equations (27b) and (27c) and substitution of

equations (25) into the resulting equation yields the second equation of matrix

equation (28). The third equation of the matrix is obtained by multiplying equa-

RE c°S_Smh + _E) subtracting the result from equation (27d),
ti6n (27b) by sin _E cos epm '

2

RE 2 into the
and substituting equations (25) and = Xve 2 + Yve 2 + Zve

sin2_ E

resulting equation. Hence, the determination of vehicle position by method VIII,

as given by equation (28), is

Iv I Z1
cos 82m

em Z2 sin _E cos 82m

m I nl

cos 82m

m2 - m3 cos e3m

Yem - m2
RE c°S(emh + _E)

sin ¢_E cos O2m

cos 02m

n2 - n3 cos e3m

Zem - n 2
RE cos(emh + aE)

sin _E cos 82m

RE
cos ele

sin _E

m Yem
Xem + 3 cos e3m5 cos e3m

RE cos (emh + aE)

O Zem) 

In cos 82m+ _ cos O3m

RE 2

sin2aE

nlZe:

-1

(2_

22



Method IX.- Method IX involves measurements of the included angles between

.tar and the earth center, between another star and the moon center, and the

_ular diameters of the earth and the moon. (See sketch 9-)

Earth

To star 2

Z

L__Vehicle

rye

/
/

_le

/
/

/
/

To star i

Y

X

Sketch 9

cosines of the angles included at the vehicle by star 1 and the earth center

• by star 2 and the moon center are, respectively,

RE

sin _E
cos ele = _lXve + mlYve + nlZve (29a)

sin aM
cos epm = _2Xvm + m2Yvm + n2Zvm (29b)

distances from the vehicle to the earth and from the vehicle to the moon are,

pectively,

RE

sin _E

2 i/2
__- (Xve 2 + Yve 2 + Zve /

(30a)

23



sin c_M
_ (xvm2 + Yvm 2 + Zvm 2) I/2 (30b_

Squaring equations (30a) and (30b), subtracting (30a) from (30b), and substltutir

equations (25) into the resulting equation and into equation (29b) yields the sec

ond and third equations in the following matrix equation for determination of

vehicle position by method IX:

xv1
Yve_ =

my9

-II m I

_2 m2 n2

2Xem 2Yem 2Zem
u

cos 81e
RE

sin _E

cos e2m

RM sin c_4

RM2 RE2

sin2 _M sin2 _E

Z2Xem - m2Yem - n2Zem

rem2 i

(311

Method X.- In method X, measurements are made of the included angle between

a star and the earth center and the angular diameters of the earth, moon_ and

sun. (See sketch 10.)

Z To star i
Earth

rve mE /

/
/

/
/

Vehicle ....

X
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For any method involving measurements on the earth, moon, and sun, the coor-

hates of the moon and sun with respect to the earth center are required

phemeris data).

The angle included at the vehicle by the star and the earth center may be

and from the following equation:

cos 81e

RE sin _E
- ZlXve + mlYve + nlZve (32)

a squares of the distances of the earth, moon, and sun from the vehicle are_

spectively,

RE 2 _ Xve 2 + Yve 2 + Zve 2

sin2_E

(33a)

BM2 _ Xvm 2 + Yvm 2 + Zvm 2

sin2_M

(33b)

RS 2

_ine_s Xvs2 + yvs2 + Zvs2
(33c)

of equation (32) with the two equations obtained by subtracting equation (33a)

_m equation (33b) and equation (33a) from equation (33c) and substitution of

Xvm = Xve + Xe?

Xvs = Eve + Xes

Yvm = Yve + Yem

Yvs = Yve + Yes

Zvm _Zve + Zem

ZVS = Zve + Zes

(34)

to the result yields the following solution by method X:
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_Xve

Yv 2Xem

2Xes

m I nl

2Yem 2Zem

2Yes 2Zes

_ -i cos 81e

RE sin _E

RM 2 RE 2

sin 2 c_4 sin 2 c_E

RS 2 RE 2

sin2 C_S sin2 _E

rem 2

res 2

Method XI.- Method Xl incorporates measurements of included angles between

three stars and the centers of the earth_ moon, and sun. As illustrated in

sketch ii, not all of the stars are used in connection with all of the bodies.

To star 2

Z

To star I Moon

Earth

Vehicle ...."

els

Y

X
To star 3

Sun
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.e angles included between star I and the centers of the earth, moon_and sun,
tween star 2 and the centers of the earth and moon, and between star 3 and the
inter of the sun maybe found from, respectively,

rve cos 81e = ZlXve + mlYve + nlZve (36a)

rvm cos elm = _iXvm+ mlYvm+ nlZvm (36b)

rvs cos 81s = _iXvs + mlYvs + nlZvs (36c)

rve cos 02e = Z2Xve + m2Yve + n2Zve (36d)

rvm cos 82m = Z2Xvm + m2Yvm + n2Zvm (36e)

rvs cos O3s = _3Xvs + m3Yvs + n3Zvs (36f)

Elimination of rye , rvm , and rvs between appropriate pairs of equations

d substitution of equations (34) into the resulting equations leads to the

llowing solution for determination of vehicle position by method XI:

_e

_ve
i

_v_

m

cos cos 81e cos
Z1 - Z2 ele ml - m2 n I - n2 ele

cos e2e cos e2e cos e2e

cos O3jn cos O]_n cos 8hn
ZI - Z2 m I - m 2 n I - n2

cos e2m cos e2m cos O2m

cos els cos els cos Sis
ZI - _3 ml " m3 nl - n3

cos O3s cos e3s cos e3s

-1

"0

2 cos 82m Z Xem + 2 cos 82m

Q cos 81s3 cos O3s l) Im cos 81sXes + 3 cos e3s

m Yem + 2 cos 82m n Zem

m Yes + 3 cos 03s

(37)

Method XII.- In method Xll, measurements are made of included angles between

;tar and the centers of the earth, moon, and sun, between another star and the

)n center, between a third star and the sun center, and the angular diameter

the earth. (See sketch 12.)
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The cosines of the angles included between star I and the earth center,

between stars i and 2 and the moon center, and between stars i and 3 and the

sun center are expressed, respectively, by the following equations:

cos 81e

RE sin_ E
- ZlXve + mlYve + nlZve (38

rvm cos 81m = ZlXvm + mlYvm + nlZvm (38

rvm cos e2m = Z2Xvm + m2Yvm + n2Zvm (38

rvs cos 81s : ZlXvs + mlYvs + nlZvs (38

rvs cos 83s = Z3Xvs + m3Yvs + n3Zvs (38
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After elimination of rvm and rvs between appropriate pairs of equations

substitution of equations (34) into the resulting equations, the solution for

hod XII is as follows:

7e

re

"e

m

1 ml nl

cos elm

Zl - _2 cos e2m

cos 81m

ml " m2 cos e2m

cos elm
n I - n 2

cos e2m

_-i

cos els cos Bls cos @is
- mI - m3 nl - n 3

_i Z3 cos e3s cos e3s cos e3s

x

r

cos 81e

RE sin _E

1 I In°S 2 cos e2m _ Xem + 2 cos 82m m Yem + 2 cos 82m

cos Ols Z Xes + 3 cos 83s m Yes + 53 cos e3s cos e3s

- nll Zem

n_ Zes j

(39)

Method XIII.- Method XIII involves measurements of included angles between

I of two stars and the sun center, between one of these stars and the earth

;er, between another star and the moon center, and the angular diameters of the

_h and moon. (See sketch 13.)
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The cosines of the angles included by star i and the earth center, star 2

and the moon center, stars I and 3 and the sun center are given, respectively,

by the following equations:

cos ele
RE _ _iXve + mlYve + nlZve (40a

sin aE

cos 82m
RM - _2Xvm + m2Yvm + n2Zvm (40b

sin aM
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rvs cos 81s = _iXvs + mlYvs + nlZvs (4Oc)

rvs cos e3s = _3Xvs + m3Yvs + n3Zvs (_d)

Elimination of rvs between equations (4Oc) and (4Od) and substitution of

ations (34) into the result yields the following solution for determination of

icle position by method XIII:

-%

e

e

e

m

_i ml nl

_2 m2 n2

cos els cos els cos els
_l - z3 ml - m3 nl - n3

cos e3s cos e3s cos e3s

×

cos 81e

RE sin aE

cos e_

RM sin aM (_2Xem + m2Yem + n2Zem )

--1

(m )(nO0 )m Yes + 3 n Zescos els z Xes + 3 _ e3 s cos e3s3 cos e3s
J

(41)

CONCLUDING REMARKS

Equations have been developed for 13 different combinations of simultaneous

pard optical angular measurements which result in a position fix in earth-moon

_e. The various combinations were selected to glve a cross section of the

Ne number of methods available. The equations pertinent to the various methods

been presented mainly as background materlal for studies now underway to

_rmlne practical and accurate methods of onboard navigation in different

ions of earth-moon space. The equations will be especlallyuseful for detailed

lies of any method, such as a complete error analysis of a particular system

optical measurements.
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No consideration has been given to the instrumentation difficulties, the
main purpose of the report being to determine the basic equations pertinent to
the navigational problem. Each of the methods includes the minimumnumberof
measurementsfor a nonredundant mathematical solution. For a practical onboard
navigational system, the numberof measurementsneeded for any method of deter-
mining the vehicle position vector can be reduced by augmenting the system with
advance information. For example, the numberof star-to-body angle measurements
can be reduced from three to two if the approximate location of the trajectory i
generally knownat any time throughout the trip.

For a practical application of any of the methods, the measurementswould
require somecorrections for the effects of aberration, refraction, and other
factors. In addition, the accuracy of any method would not only dependupon the
accuracy of the sighting instruments but on an accurate knowledgeof the body
diameters, distance between the earth, moon, and sun, and exact positions of the
stars.

Langley ResearchCenter,
National Aeronautics and SpaceAdministration,

Langley Station, Hampton,Va., November19, 1962.
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